We find and study a six-parameter family of polynomial Hamiltonian systems of second order. This system admits extended affine Weyl group symmetry of type E (1) 6 as the group of its Bäcklund transformations. This system is the first example which gave second-order polynomial Hamiltonian systems withW (E (1) 6 )-symmetry. We also show that its space of initial conditions S is obtained by gluing eight copies of C 2 via the birational and symplectic transformations. The minimal compactificationS of its space of initial conditions is the rational surface of type A
Introduction
In this paper, we find and study a 6-parameter family of polynomial Hamiltonian systems of second order. This system admits extended affine Weyl group symmetry of type E (1) 6 (see Figure 1 ) as the group of its Bäcklund transformations. This system is the first example which gave second-order polynomial Hamiltonian systems withW (E (1) 6 )-symmetry. By eliminating p or q, we obtain the second-order ordinary differential equation. However, its form is not normal (cf. [8, 9] ). We also show that after a series of explicit blowing-ups at nine points including the infinitely near points of the Hirzebruch surface Σ 2 (see Figure 2 ) and blowing-down along the (−1)-curve H ′ ∼ = P 1 to a nonsingular point (see Figure 3) , we obtain the rational surfaceS and a birational morphism ϕ :S ← S 9 → · · · → S 1 → Σ 2 .
Here, the symbol H ′ denotes the strict transform of H, each E i denotes the exceptional divisors, and
In order to obtain a minimal compactification of the space of initial conditions, we must blow down along the (−1)-curve H ′ . Its canonical divisor KS ofS is given by
This configuration of (−KS) red is type A
(1) 2 * (see Figure 1 ). This type of rational surfaceS does not appear in the list of Painlevé equations (see [7] ). The space of initial conditions S is obtained by gluing eight copies of C via the birational and symplectic transformations r j (see Theorem 2.1).
Painlevé equations (6) PVI PV PIV P III
where x = q is an apparent singular point. In this case, ε = 1. It is still an open question whether the equation (3) satisfying (4) tends to the equation (3) satisfying the Riemann scheme:
as ε → 0, where x = ∞ is an irregular singular point with Poincaré rank 1 (cf. [12, 11] 
(A3) In addition to the assumption (A2), the Hamiltonian system in the coordinate r 0 becomes again a polynomial Hamiltonian system in the coordinates r 5 , r 6 :
Then such a system coincides with the system dq dt = ∂I ∂p , dp dt = − ∂I ∂q ,
where the constant parameters α i satisfy the relation:
Since each transformation r i is symplectic, the system (6) is transformed into a Hamiltonian system, whose Hamiltonian may have poles. It is remarkable that the transformed system becomes again a polynomial system for any i = 0, 1, . . . , 6. The holomorphy conditions (A2), (A3) are new. Theorem 2.1 can be checked by a direct calculation. as the group of its Bäcklund transformations whose generators s i , i = 0, 1, . . . , 6, π j , j = 1, 2, 3 are explicitly given as follows: with the notation ( * ) := (q, p, t; α 0 , α 1 , . . . , α 6 ),
where π j , j = 1, 2, 3 are Dynkin diagram automorphisms of type E
6 . Theorem 3.1 can be checked by a direct calculation.
Space of initial conditions Theorem 4.1. After a series of explicit blowing-ups at nine points including the infinitely near points of Σ 2 and blowing-down along the (−1)-curve
D (0) ′ ∼ = P 1 ,
we obtain the rational surfaceS of the system (6) and a birational morphism ϕ :S · · · → Σ 2 . Its canonical divisor KS ofS is given by
where the symbol
denote the exceptional divisors and
Theorem 4.2. The space of initial conditions S of the system (6) is obtained by gluing eight copies of
via the birational and symplectic transformations r j (see Theorem 2.1).
Proof of Theorems 4.1 and 4.2. At first, we take the Hirzebruch surface Σ 2 which is obtained by gluing four copies of C 2 via the following identification.
We define a divisor D (0) on Σ 2 :
The self-intersection number of
By a direct calculation, we see that the system (6) has three accessible singular points a
We perform blowing-ups in Σ 2 at a (0) ν , and let D
(1) ν be the exceptional curves of the blowing-ups at a (0) ν for ν = 0, 1, ∞. We can take three coordinate systems (u ν , v ν ) around the points at infinity of the exceptional curves D
Note that {(u ν , v ν )|v ν = 0} ⊂ D
(1) ν for ν = 0, 1, ∞. By a direct calculation, we see that the system (6) has six accessible singular points a
0 , a
Let us perform blowing-ups at a 
For the strict transform of
by the blowing-ups, we also denote by same symbol, respectively. Here, the self-intersection number of
In order to obtain a minimal compactification of the space of initial conditions, we must blow down along the curve D (0) ∼ = P 1 to a nonsingular point. For the strict transform of D by the blowing-down, we also denote by same symbol, respectively. LetS · · · → Σ 2 be the composition of above nine blowing-ups and one blowing-down. Then, we see that the canonical divisor class KS ofS is given by
where the self-intersection number of D
and D Blow up at a The relations between (W j , V j ) and (x j , y j ) are given by (−W j , V j ) = (x j , y j ) (j = 1, 2, 3, 4, 5, 6).
We see that the pole divisor of the symplectic 2-form dp ∧ dq coincides with (−KS) red . Thus, we have completed the proof of Theorems 4.1 and 4.2.
